Exponential equations

Since the exponential function is"1-1" and "on" mapping we can use: @’ = a*™ < f(x) = g(x)
This means that when both sides make the same basis, we compared exponents.

Here are a few examples:

1) Solve the equations:

x+1
a) 4" =2~
b) 8x+l — 16 . 2x—2

1 X

v) 16% =42
g) 16 . 25x+2 — 2x2

d)9“=ﬁLTH
27

m) (@ +1]"7 =1

e) 9x2—3x+5 — 36

Solutions:

a)
x+l
4* =2~
i+l
(2%) =2~
x+1
22x:2x PN 2x:x+1
X
2x* =x+1
2x*—x—-1=0
1+£3
xl,ZZT
x =1
1
X, :—5

Solutions are: x, =1 and x, = —%



b) 8x+1 — 16 . 2x—2

(23)x+1 — 24 . 2x—2

23x+3 — 24+x—2
23x+3 _ 2x+2

3x+3=x+2
3x—x=2-3
2x=-1

X=——=

2

g) 16 . 25x+2 — 2x2
24 i 25X+2 — 2)(2

24+5x+2 — 2)(2

25x+6 _ 2x2

d) 973)‘ :(ijﬂ
27

(32 )—3x — (3—3)x+3

3—6x — 3—3x—9

m) (@ +1)"7 =1

Since we know that a” =1, one solution will give us

¥ =5x+6

x*=5x+6=0

x12:5_i1
’ 2

x =3

x,=2

Take heed:
L:i:3—3
27 3

16+ = 42

(29 =%

—6x=-3x-9
—6x+3x=-9
-3x=-9

x=3

2x-3=0
2x=3
3

xX=—
2

Another solution would be if: x*+1=1=x*=0=x=0

e) 9x2—3x+5 — 36

(32)):273”5 _ 36

32x2—6x+10 _ 36

2x* —6x+10=6

2x* —6x+4=0/:2

x?=3x+2=0
_3%1

xl,z—T

x =2



2) Solve the equations:

a) 27 -7-2"-16=0

b) 3 —4.3"+33=0

c) 2-3" —4.3"7 =450
d) 23)(72 _ 23)(73 _ 23)(—4 — 4
e) 2x71 _ 2x—3 — 3x—2 _ 3x—3

Solutions:

m+n m

a =a -a

n

Here we use the rules for degrees: a™" =

a?’l
(alnyl — am-n

a) 277 -7.2"-16=0
27.2°~7.2"~16 =0 — replacement 2* =¢

t-8—7-t-16=0

8t-Tt=16

t =16 —- Go back to replacement 2" =¢
2" =16

2" =2*

x=4

b) 3" —4.3*+33=0
3?_4'3)( +33=0— replacement 3" =t¢

§—4t+33 — 0 — multiply all with 3
£—126+99=0

11t =-99

=9



¢) 2-3"—4.3"7 =450
2.3%.3 —43—2=450—> replacement 3" =¢
3
t
6.1— 4L =450
9

6t —% =450 —» multiply all with 9

54t — 4t = 4050
50t = 4050
4050
50
t=81
3* =81 — 81=3-3-3-3=3"
3*=3"
x=4

d) 23):72 _23):73 _ 23){—4 — 4
23x 23x 23x N
T T s 16 — replacement 2> =¢

LT 16— multiplyall with 16
48 16

4t -2t —t =256

e) 2x—1 _ 2){73 — 3x—2 _3){73
20 2% 3 3

2 2 3 3
27 27 3 3
2 8 9 27
4.2°-2" 3.3"-3"

8 27
3.2 2.3

8 27
3.2.27=2.3".8§ — 2°.81=3".16
2" 16
3' 81

-6

x=4




3) Solve the equations:

a) 4°-5.2"+4=0
b) 16°-4"-2=0
c) 5°-57=20
d 5%7°=2.5743
e) 11" =11)* =11 +99

Solutions:

a) 4°—5-2"+4=0— Because 4" =(2°)" =2"" replacementis 2" =t —» 4% =;>

t*=5t+4=0
_5£3
12—7
t, =4
t, =1
2" =4
2=2% or 2 =1
=2 x=0

b) 16* —4* =2 =0 — replacement is 4" =¢, and then 16* =4> =¢°

1P —t-2=0
1‘12:E
’ 2
t,=2
t,=-1

4 =2
22x — 21
2x=1 or 4 =-1 _—»  here there is no solution, because y =a" is always positive!

1
X=—
2



c) 5°=5""=20
3
5* s =20 — replacement 5" =¢

t—l%§=20—»1nMﬁpWaﬂ with t
t* —125=20¢
t*=20t-125=0
20430
1,2 2
t, =25

5" =25 or 5°=-5 » No solutions

»

x=2
d) 57 =2.57+3
52x 5x
5 :2-5—2+3—> replacement 5 =¢

22t . .
——=—+3— multiply all with 125
125 25
t* =10t +375
> —10t-375=0
10440

2

1,2
t, =25
t,=-15
Back in the replacement:
5=25
5*=5* or 5"=-15 no solution, because 5* >0
x=2

e) (11" =11)> =11 +99 — replacement 11" =¢
(t=11 =£+99
t?=22t+121-t-99=0
1*=23t+22=0
23421

1,2

t, =22

Back in the replacement:

11" =22 117 =1
or
x =log,, 22 x=0



4. Solve the equations:
a) 472 +16=10.27"

2 H+m
b) 4¥2 _5%) —6

@[ 2+J§T+( 2-J3| =4

Solutions:

a) 472 116=10-2""

First, determine the area definition: x—-2>0=x2>2

Replacement: V2 g2 2

£ +16 =101
*—=10t+16=0

1046
1,2 — 2
f, =8
t,=2
22 =8 o 22— 9
V2 93 Jx—2=1
Jx-2=3 x-2=1
x-2=9 x=3
x=11

b)

2 .x—lw/z
) -6

2 x+m—l
(22)x+m_5'2 =6
vl
2 5.2 —=6
2

Replacement: x++/x* -2 =¢

2

t —% =6 multiply with 2



2t —5t-12=0

. _sEV121 5l

2x+m — 4
2x+Vx2—2 — 22

x+Vx*=2=2

Vx> =2 =2—-x— conditions: 2—x>0 and x*—2>0 —x>-2 x<2
¥ =2=Q2-x)’ x & (—n,—=2)U(=2,%0)
x'—2=4—4x+x’

4x=4+2
4x=6
=1=5"
x =1,5 — Satisfies the conditions

X 1,5

o (V) +(J2=5 ) =4

Let us see first one thing:

s 2B 243 22-V3 43

1 2+\/§_ 2443 _2+\/§:2+\/§

x 1 B
[ 2+\/§) +ﬁ_4

X

Replacement: /2 + V3 o=t
t+% =4 — multiply with t
£ +1=4¢
£’ —4t+1=0

+ + + +
L A2 423 _ax\3 2(2—*/5):21\/5
S 2 2 2

t1=2+\/§

t,=2-4/3

Back in the replacement:



\/2+\/§x:t, So:
V2443 =243 or 2443 =2-43

’\"/a_”za% > Va* =ag
> 1
(2+\/§)§=(2+\/§)‘ (2+\/§T_2+\/§
. 3k =l2+V3)

2
x=2

5. Solve the equations:
a) 200 -6-5"+10"=0

b) 6-:9"-13-6"+6-4" =0

Solutions:

a) 20" —6-5"+10" =0 > we use that: (a-b)" =a"-b"
(5-4)"-6-5"+(5-2)" =0
574" -6-5"+5"-2" =0
57(4"-6+2%)=0
55=0 v 4"42"-6=0
1’ +t-6=0
. —1£5
’ 2

v 2'=-3 _______ ynosolution

Only solution is x =1



b) 6:9"—13-6"+6-4" =0
6-3 —13-3"-2" 462" =0
2x x

-32 —13-3—+6:0

2% 2F

2x x
6(§j —13-(§j +6=0
2 2

Replacement: (%J =t

6

61> —13t+6=0
1345
27T,
18 3
f{=—=2
12 2
8 2
t2 :—:g

6) Graphic solve the following equation:

X

a) 2" -5+—=0
2

b)3* -2 _8=0
2

Solutions:

a) First, we separate functions, the exponent on the left, and the rest on the right side:

2 =5-2
2

y=2" and y= —§+ 5 ——» the section will give us a solution.



b

1
W

1
[\

— 1
—
[\
(98]

A=

IS

|

|
AN

"

—h-4 54 -1

The solution is x =2



b)3' -2 _8=0
2

3 =248
2
y=3
x | 3 | 2 | a | | 3
RN ”
27 9 3
y=—+8
X | 0 | 10 2
y | 8 | 0 9

So, the solutionis x =2

Is there another solution? Yes, but it can be difficult to find it very precisely

We will learn that later...




